A fresh study on the perturbative expansion is presented with the help of Heaviside transform with respect to the mass. We apply Heaviside transform to the effective potential in the Gross-Neveu model and carry out perturbative approximation of the massless potential by dealing with the resulting Heaviside function. We find that accurate values of the dynamical mass can be obtained from the Heaviside function already at finite orders where only finite number of diagrams are incorporated.
Even if the proof of dynamical massless symmetry breaking requires genuine nonperturbative approaches, it does not necessarily mean that the perturbative expansion is totally useless. There is the possibility that non-perturbative quantities in the massless limit may be approximately calculated via perturbative approach. The purpose of this paper is to explore the possibility and show a concrete affirmative result by re-visiting the Gross-Neveu model 1 . With the help of Heaviside transformation with respect to the mass 2,3 , we present a new perturbative study, without the conventional loop summation, on the effective potential at m = 0. We will demonstrate that, at finite orders of perturbative expansion, the non-perturbative dynamical mass is approximately calculated from the Heaviside function of the effective potential at
As is well known, ordinary massless perturbation expansion gives infra-red divergences and to cure the problem one must sum up all the one-loop diagrams. We, however, are interested in the approaches where the result at finite orders of expansion gives the good estimation of the massless potential. Hence, giving up the massless expansion, we turn to the massive theory and probe the effective potential for small m. Since the limit, m → 0, cannot be taken in the perturbatively truncated potential, we must choose some non-zero m (= m * ) and approximate the effective po-
However, the problem is that perturbative V (σ, m)
breaks down for small enough m. The point of our method just concerns with this problem. We will show that Heaviside transform of V (σ, m) resolve the problem by enlarging the convergence radius and the accurate value of the dynamical mass is obtained at finite orders where only a finite number of Feynman diagrams are taken into account.
Throughout this paper, we use dimensional regularization 4 . We confine ourselves with the leading order of large N expansion and N is omitted for the sake of sim-plicity. 
Heaviside
SinceΩ(m) = 0 form < 0, the region of the integration effectively reduces to [0, ∞).
Our approach is based on the relation,
where the both limits are assumed to exist. To approximate the massless value of the original function, Ω(0), we propose to useΩ(m) rather than Ω(m). As mentioned in the previous section, the massless limit cannot be taken for the perturbatively truncated functions and we must choose some non-zero m orm to approximate Ω(0) orΩ(0), respectively. In this case we will find that the Heaviside function is more convenient than the original effective potential in the approximate calculation of V (σ, 0). ThoughV , the Heaviside function of V , is not a physical quantity, we can utilize it to approximateV (σ, 0) and escape to perform integration (2) in any steps.
It would be worthwhile to show an example of the transform of typical functions,
. By closing the contour to the left for positive 1/m and to the right for negative 1/m, we find that
where θ(x) is the step function,
and H represents the Heaviside transformation. Note that the appearance of the factorial, k!, in the right hand side of (4). Thus, the series in 1/m is transformed to the series in 1/m with larger convergence radius. This exhibits the advantage ofΩ
over Ω in our approximate calculation of the effective potential as we see in the next section.
Application to the effective potential
Consider the Gross-Neveu model at the leading order of large N expansion 1 . The
Lagrangian is given within dimensional regularization
where
Here MS scheme 5 was used for the subtraction. It is well known that the model generates the dynamical fermion mass, m dyn = Λ, where Λ denotes the renormalization group invariant scale in MS scheme.
At the leading order of 1/N expansion, the effective potential is given by the sum of diagrams shown in Fig.1 . The straightforward calculation gives
contribution with many σ-legs corresponds to higher order in 1/N, they must be included since the vacuum value of σ is of order √ N .
The series (8) converges only when |gσ/m| < 1 and hence the small m behavior relevant to the dynamical mass generation is not known from (8). However, Heaviside transform enlarges the convergence radius and enables us to study the smallm behavior ofV (σ,m) as we see below.
To obtain the Heaviside transform of V , we need to know the transform of m k (k = 0, 1, 2, · · ·), m log m, m 2 log m and 1/m k . To obtain the result in each case, following formula is basic,
For example from (1) we have log(m)
The use of (9) on (10) then leads to
The transformation of m k is easily obtained from
as
The δ functions are needed when one carries out Laplace integrals for the Heaviside functions. This is mainly because the δ function terms cancel out the divergences coming from the first terms of (11) and (12), for example. Since the integration over x is un-necessary for our purpose, however, we will henceforth omit δ functions and set θ(x) = 1 in the transformed functions. Now, using the results, (4), (10), (11), (12), (13) and (14), we find
Note that, due to the creation of 1/k! in H[1/m k ], the series converges for any small m; The convergence radius has grown to infinity. Therefore the smallm behavior of V can be accessed by increasing the order of expansion. This is one of the advantages ofV over V .
Let us carry out the explicit approximation of the dynamical mass by dealing with perturbativeV shown in (15). The order of expansion is defined in powers of g. Hence at n-th order, we have first n + 1 terms of (15). Now, since we cannot take them → 0 limit, we must somehow fixm to approximate the massless value ofV .
We here employ the prescription used in ref. 3 . That is, we fixm by the equation,
As is shown in the following, the condition (16) comes from the fact that 
which needs to be calculated when one performs the small m expansion of Ω(m),
The coefficients, Ω (n) (0) (n = 1, 2, 3, · · ·), would also be approximated in our approach. Actually, we find that
where we used (9) and
Suppose that we implement the fact that lim m→0 mΩ (n) (m) = 0 by requiring the stationarity condition, ∂Ω
Then, ifm satisfies ∂Ω/∂x = 0, it automatically satisfies (22) for all n. Thus the solution of (16),m * , is found to be the unique solution of the stationarity condition for arbitrary n and fixes all of the coefficients of the small m expansion. We note that forΩ (n) the integration is needed and θ(x) and δ functions should be kept in the integrand. Now, the condition (16) gives m as constant · σ for odd n † . For odd n, the substitution of the solution intoV gives the optimized potential V opt (σ). For example for n = 3, we have the solution, gσ/m = 1.59607, and this gives the optimized potential,
The dynamical mass is given from V opt in the standard way. Note that, sincem must be positive (see section 2), the region of V opt thus approximated is restricted to the positive σ. In the following, we summarize the result of the approximate calculation of the dynamical mass for n = 3, 5, 7, 9, 11; The above result clearly shows that our approach has realized the perturbative approximation of the dynamical mass.
Discussion
We first show that the sequence of the approximated values tends to the exact one. From the perturbation expansion (15), we obtain the closed form,
Then the condition to fixm reads,
and the perturbative equation of (27) is given by expanding exp[−gσ/m] to relevant orders. Since the convergence radius of the expanded series of (27) is infinite, the solution of (27) approaches tom = 0 as the order increases. Therefore from (25) the convergence to the exact result is manifest.
One reason of the success of our approximate calculation is that the transformed function has infinite radius of convergence. The other reason is thatV (σ,m) rapidly approaches to the massless value for fixed σ. This is easily seen by expanding (25) for large gσ/m. That is, we havê 
Thus it is obvious that the approximation of the massless potential is more convenient inV since it approaches exponentially fast to the massless value.
proximate dynamical mass. The deformation of the effective potential was made by Heaviside transform with respect to the mass and the prescription (18) to fix non-zerom has found to work good. It would be interesting to apply Heaviside transform method to other physical systems and various kind of physical functions.
We are now under study of the application of Heaviside transformation to the direct diagrammatic series of the dressed mass of the Gross-Neveu model. The series is of the form that m times the mass-log which is typical in naive perturbation expansion and therefore supplies a good testing ground for our approach. 
